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A new theory of solutions is proposed combining some features of the recently developed tunnel
theory of liquid mixtures and of the theorem of corresponding states. To test the theory, excess
functions of 10 equimolar Lorentz-Berthelot’s binary mixtures were calculated. The agreement
between the calculated and experimental values of GE, HE and VE is very good. It cannot be,
however, regarded as quantitative. The effect of inaccuracies of the Lennard-Jones parameters &,
o for the pure components and of the cross parameters ¢, ,, g, , (calculated from the combination
rules) on GB and VE is calculated in this work. A one percent deviation in parameters inflicts
inaccuracies in the excess functions comparable with their values.

For a number of years considerable attention has been focused on the problem
of the relationship between the thermodynamic functions of liquid mixtures and
parameters describing the energy of interaction between molecules of the same and
different kind. An important role in solving this problem has been played by the
theorem of corresponding states (TCS) (ref.'), for its application circumvents the
difficult task of determining the configuration integral. TCS described rather well
the behaviour of simple liquids and it can be derived by means of statistical mecha-
. nics on the basis of several general assumptions.

The first attempt to utilize TCS in statistical thermodynamics of mixtures was the theory
of conformal solutions?. It expresses the excess thermodynamic functions as powers of the
differences of the interaction parameters. Unfortunately, the validity of TCS without supplemen-
tary assumptions suffices only for determination of the coefficients of the first powersa. Further
progress in the theory of liquid mixtures was achieved when Prigogine and coworkers formulated
the average potential model (APM) of solutions*. Scott® arrived independently at essentially the
same model. APM combines the theorem of corresponding states with the cell model of solutions,
retaining from the cell theory only the manner of determining of average interaction parameters
in the mixture. The values of the excess functions of simple liquid mixtures calculated in APM
are in qualitative agreement with the experimental data®, Quantitatively, the situation is not
sufficiently satisfactory and it remains an open issue whether the difference between the experi-
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mental and calculated values of excess functions is induced predominantly by the inaccuracies
of interaction parameters. It seems, however, that a combination of model theories of liquids
with TCS is presently the most effective approach to the theory of solutions.

The tunnel theory of the liquid state” has been extended recently to multicomponent systemss.
The tunnel theory of liquids rests on a model of the liquid structure, which divides the configura-
tion integral, @, of the system into a part, Q;, due to the longitudinal (one-dimensional) motions
of molecules and a part, Qr, due to the tranverse motions.

Q=0 Cr O]

The configuration integral of a one-dimensional system can be evaluated accurately in principle
and this advantage of the tunnel model is preserved for multicomponent systems as well. The
tunnel theory predicts relatively satisfactorily the values of excess functions of mixtures of simple
liquids. The agreement between the calculated and experimental values is in most cases better
than that for APM.

In this paper we shall attempt to combine TCS with the tunnel theory of mixtures.
The idea of this approach, which avoids the necessity of solving the configuration
integral Qr of the transverse motions of the molecules in Eq. (1), is to decrease the
laboriousness of the calculation and to suppress the errors appearing in the tunnel
theory as a consequence of an approximative determination of Q.

THEORETICAL

THe THEOREM OF CORRESPONDING STATES

For a system of temperature T, volume V and a number of particles N one can derive
in statistical thermodynamics the theorem of corresponding states from the following
assumptions:

The partition function of the system can be written as a product of the translational
partition function and a factor corresponding to the internal motions of molecules
and independent of the volume of the system. The Maxwell-Boltzman statistics can
be used to determine the translational partition function. The total potential energy
of the systém, U, can be replaced by a sum of pair contributions U(rl, Ty o Fy) =
= Y u(r;;), and the potential energy of interaction of a pair of molecules at a distance

i<j

r can be expressed as a product of an energy parameter and a universal function of
reduced distance u(r) = &f(rfo). The parameters ¢ and o characterize the kind
interreacting molecules.

The requirement of pairwise additivity of interaction energies is not necessary
to derive TCS. We shall need it, however, elsewhere in this paper. The function u{r)
we shall approximate by the commonly used Lennard-Jones 6 — 12 potential.

w(r) = 4el(ofn)** = ()]~ ©)
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The parameters of interaction between a molecule of the kind 1 and a molecule
of the kind 2 we shall approximate by the Lorentz-Berthelot semiempirical combina-
tion rules

£y = (8182)1/2, (3)
0, = (o, + a)2. O]

From the assumptions it follows that the only part of the partition function depend-
ing on the volume is the configuration integral Q, which can be written as

O(N, V, T) = a™q(V, TYN, )

where T = kT]e is the reduced temperature, ¥ = V/No? is the reduced volume and ¢
is a universal function of reduced variables. From Eq. (5) one can obtain all configura-
tion thermodynamic quantities as functions of reduced variables.

Empirical dependences of the configuration free enthalpy and of the reduced
volume on the reduced temperature at zero pressure have been proposed®.

Geont/NAKT = — 3In o — 8379308/ T — 4:597197 In T + 3212199 +
+ 2:301041L T — 080646972, (6)

VN = 1:347174 — 0:997309T + 1-18031472 . )

To determine numerical values of the coefficients appearing in Eqs (6).and (7),
experimental data of liquid argon, krypton, methane, nitrogen, oxygen and carbon
monoxide were extrapolated to zero pressure. Parameters £, ¢ necessary for the
evaluation were determined from the critical constants of the substances and these
are shown in Table I.

THe TuNNEL MODEL OF A LIQuip

The tunnel theory is based on following assumptions regarding the structure of the
liquid: The molecules move predominantly unjdirectionally in capillary tunnels,
the walls of which are formed by the axes of adjoining tunnels. The ends of the axes
form a two-dimensional hexagonal lattice. The molecules in the tunnels perform
small transverse motions which are independ ent of the longitudinal ones. The motions
of molecules in different tunnels are mutually independent. From the model of the
structure results Eq. (1) for the configuration integral of the system, and for the volume
the relationship

VIN = /32721, )
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where r is the distance between the axes of adjacent tunnels and [ is the length of the
tunnel per one molecule.

The configuration integral, @, of a one-dimensional system can be determined
accurately* from the equation

Ou(N, I, T) = {exp I/W)J p [~ u(x)/kT — x)(c W)] dx}", ()

where 1 = Ifo, W = kT[(P.o) and Py is a one-dimensional pressure, provided that
the interaction takes place only between the closest molecules. The configuration
free energy, Fy, and the equation of state of a one-dimensional system can be deter-
mined easily from Eq. (3).

FINkT= —Ing —I[W— [JJ(T, W, £)dé], (10)
o
where J(T, W, &) =exp[— He'? — YT - ¢iw],
E=xfo, 1 jc TWédé.[JTWé (11
0 o

In Eqs (10) and (1) the function u(x) was replaced by the Lenpard-Jones potential.
Following simplifying approximation was introduced in the tunnel theory of pure
liquids

r=1,

which, together with Eqgs (7) and (8), enables the determination of the reduced
length I for a given reduced temperature. The quantity W is then given by Eq. (11).

We shall not deal with the contribution of the transverse motions of molecules
to the thermodynamic functions. For their determination we shall make use of the
theorem of corresponding states. Let us determine the excess functions of a binary
mixture containing Ny molecules of the kind 1 and N, molecules of the kind 2 at the
temperature T and zero pressure. An extension of the following procedure to systems
of more components poses no problem.

For the excess thermodynamic functions of a one-dimensional mixture, assuming
a random distribution of molecules, one can derive*

YE = xlx2[2YL(£12’ ‘712) - YL(Sla ‘71) - YL(elv ‘72)] > (12)
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where Y(e, 0) is an arbitrary molar thermodynamic quantity of a substance with
the Lennard-Jones parameters ¢, 6. x,, x, are molar fractions.

In the tunnel theory of mixtures® the pseudointeraction parameters & and g
defined by equations

& = &r(8, 7))/ Ui 03) »

zlj = élr(éi! 5;)/1(3ij, Uij)v Lj=1,2 i#j, (13)

ij»

were introduced for the determination of contributions of the transverse motions
to the excess functions. §;, 6; are pseudointeraction parameters used in APM:

& = (xie00 + x8,00)% (xiei0l® + x85017)
7¢ = (xigol? + x;010)(xi8i0? + xj8,00) . (14)

Following equation was proposed in the tunnel theory mixtures for the excess
functions YE
2o~ = - =
YE = x? YT(Exv ‘7:) + xlxz[YT(":lZv 0'1) + YT(EZU U'z)] +
+ x3Yi(es, 32) — x, Vi1, 01) — %, Yales, 02) - (15)
In this paper we use the same procedure except that we do not calculate quantmes Yr

from the configuration integral of the transverse motions in the tunnels, but with
respect to Eq. (1), as a difference Y~ Y;.

The excess functions of the whole system, excepting the excess volume, we obtain
by combining Egs (12) and (15)
YR = xj[Yi(er, 0y) + Y(ey, &) — Yifer, )] +
+ x3[Yifer, 02) + Y(ea 62) = Yiler, 32)] +
+ x;%,[2Yi(812, 012) + Y(a:: &) + Y(ea1, 62) — Yiler2, 51) — Yilear, 62)] —
— x,Y(e,, 04) ~ x,Y(e3, 03) . (16)
The relationship for the mixing volume we get on the basis of the following reasoning.
Let us fix 2 molecule of the kind i in the axis of some of the tunnels and let us assume
that the closest neighbouring molecule of the same tunnel is also in its axis. Now, two

cases can occur: If both molecules are of the same kind, their average distance is
I(e;, o;) and the cross-section of the tunnel in the point of the fixed molecule is (,/3/2)
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’Gn &)?. If the neighbouring molecule is of the kind j, the distance between both
molecules is I(g;;, 0;) and the cross-section of the tunnel in the point of the fixed
molecule is (\/3/2) r(gj, 5:)%. Thus for the excess volume we have, taking Eq. (8)
into consideration

VEIN = (/3[2) {x3r(e,, 6.)% Uey, 0,) + X3r(e2, 32)° Kea, 03) +
(17)

+ xlxz[r(zlb ‘7x)2 + "(Ezn 52)2] l(elz, ‘sz)} - an(Bn 0'1) - le(eb Uz)-

RESULTS AND DISCUSSION

To test the theory, G5, HE and VE of ten binary systems composed of A, Kr, CH,,
N,, O, and CO were calculated. For these components the theorem of corresponding
states holds best.

The Lennard-Jones parameters of the pure components are summarized in Table I. These
parameters are taken from the paper of Bellemans, Mathot and Simon® and were calculated
from the critical constants of the substances assuming that the interaction constants of krypton
are e/k = 171 K and ¢ = 3.600 A. The cross parameters were calculated from Eqs (3) and (4).
Table II compares the calculated and measured values of the excess functions. The experimental
data of the systems A-CH,, A-N,, N,-0,, A-O, were taken from the work of Bellemans,
Mathot ar;d Simon®, and of the systems A-Kr, CH,4-Kr, N,-CH, from the work of Bellemans
and Vilcu”.

The agreement between the calculated and experimental values of G® and HE
is very good for most of the systems. Greater deviations from the experimental values
of VE are found for the systems N,~CH, and A-Kr. As will be shown, the possible
causes of these deviations are small deviations from the rule of arithmetic mean (see
Eq. (4)). In contrast to the experimental values, the calculated values of the excess
functions for systems A-O, and N,-CO equal almost zero as a consequence of the fact
that for both systems ¢, =~ ¢, and 6; =~ o,. The critical temperatures were measured
for both systems and &,, determined from them!®. These values are somewhat
different than the values obtained from Eq. (3). Table III shows the excess functions
of A-O, and N,-CO systems calculated from the experimental values of £,,. To
determine a,,, Eq. (4) was used. The agreement between the calculated and experi-
mental values is much better than when using the geometric mean rule for g,,.

It is a well-known fact that even small inaccuracies in interaction parameters
inflict considerable errors in excess functions. We shall try to assess quantitatively
the effect of parameters on the calculated values of GE and VE. Let us assume that
the errors in ¢ and o of the pure components are so small that

%z-:—e" I
= | <tland s, =

d

3
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TasLE I

The Lennard-Jones Coefficients of Pure Components

Substance efk, K a, A° Substance efk, K a, A°
Ar 1232 3-363 N, 103-0 3-573
Kr 171-0 3-600 0O, 123-0 3411
CH, 156:0 3-696 co 108-6 3-600

TabrLe II

Excess Functions of Equimolar Mixtures
System T K G", cal/mol HE, cal/mol VE, cm?3/mol
found calc. found calc. found calc.

A-CH, 91 19-2 239 24-6 30-6 018 0-24

CH,-Kr 116 67 36 — 41 0-00 —0-04

A-Kr 116 20-1 262 — 253 —0-50 —0-09

CO-CH, 91 28-0 21-8 251 193 —0-33 —0-41

N,-CH,4 91 338 28-4 - 24-8 —021 —0-55

CO-A 84 135 10-1 — 13:5 0-10 —0-01

A-0, 84 8-9 03 143 05 014 . 000

N,-A 84 82 109 121 130 -018 =014

N,-CO 84 55 0-4 10-2 03 0-10 —0-01

N,-0, 77 10-0 85 11-0 96 —021 —0-12

TasLe IIT

Excess Functions Calculated form Experimental Values of ¢,

GE, cal/mol HE, cal/mol ¥E, cm®mol

S T,K . : :
ystem ” a1l /1) found calc. found calc. found calc.
A-O, 84 0-982 89 131 14-3 189 0-14 0-10
N,-CO 84 0-986 55 83 10-2 13-0 0-10 013
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¢ and o are the accurate values of the parameters, and &%, ¢° are the values used in the
calculation. Further we shall assume that the deviations from the combination rules
(3), (4) are very small, i.e. the following is valid accurately

&y = kc(exﬁz)l/z > Oy = ku(‘71 + ‘72)}27 (18)
where [k, — 1| <1 and Jk, — 1j< 1.

For an arbitrary excess quantity Y® = YE(el, €3, €52, Oy, 0o, au) at a given temper-
ature and pressure we have:

2
YE = Yo+ ¥ [eX(0Y")08)c0 00 Oy + 0N(8YE[06,)c0, 00 Ba,] +
i=1

+ €02 0Y®)2 1) 0o (9212/08:)uo, (1 — D)ol +
+ (9812)085)e0 (82 — £3)[e52 + K. — 1] + 692(0Y™003)s000
[(8012/00))g0 (o, = 03)fo1s + (80,2J00,)g0 (02 — 0012 + ko — 1] =
= Yo + A0, + A,0., + Ayy(ke — 1) + A8, + A8, + A, (ke — 1),

2%z £12

Y6 = Y&, 63, 62, 0, 09, 0%2) . (19)

The effect of deviations of parameters, &}, €3, 32, 0}, 69, 05,, on the values of
G¥(cal/mol) and V¥(cm®/mol) was calculated. In the calculations we used the values
from Table I for &, ¢° of the pure components. The cross parameters ¢}, and o2,
were calculated from Eqs (3) and (4) for all systems, except A-O, and N,~CO,
for which we used ¢, from Table III. The results for |3,,| = [8,,] = [6,,] = [6,,] =
= |l — k| =1~ k,| =001 are shown in Table IV. In the last but one column
of the table, denoted as Y |4|, are the maximum differences in G* and V* brought
about by 19 variation of the interaction parameters. The last column of Table IV
gives differences between the experimental and calculated values of GE and VE,
obtained from the results shown in Tables IT and III. From the results shown in the
last but one column of Table IV it is obvious that 19 inaccuracies in the interaction
parameters can render the calculation of the excess functions entirely valueless.
From this point of view, we can regard the agreement between the experimental and
calculated values as rather fortunate and to attribute the major portion of the diffe-
rences between the calculated values to small inaccuracies in the interaction parameter
used. Furthermore, it can be seen from Table IV that the largest share of the errors
in ¥ is induced by the deviations of ¢, from the values obtained from Eq. (4).
It seems that for a majority of mixtures of simple liquids the deviations of ¢, from
the arithmetic mean rule are much smaller than one percent. The prevaling portion
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of errors of G® is due to the deviations of &, from the geometric mean rule. The
effect of parameters of the pure components on the values of the excess functions
is much smaller than the effect of the cross parameters. It is not negligible, however,
if the quantitative agreement with the experiment is to be achieved.
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